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Abstract: The timelike supersymmetric solutions of jV = 2, D = 4 gauged su- 
pergravity coupled to an arbitrary number of abelian vector multiplets are classified 
using spinorial geometry techniques. We show that the generalized holonomy group 
for vacua preserving N supersymmetries is GL(^y^,C) ix^C 2 C GL(8,M), where 
iV = 0,2,4,6,8. The spacetime turns out to be a fibration over a three-dimensional 
base manifold with U(l) holonomy and nontrivial torsion. Our results can be used to 
construct new supersymmetric AdS black holes with nontrivial scalar fields turned on. 
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1. Introduction 

Supersymmetric solutions to supergravity theories have played, and continue to play, 
an important role in string- and M-theory developments. This makes it desirable to 
obtain a complete classification of BPS solutions to various supergravities in diverse 
dimensions. Progress in this direction has been made in the last years using the math- 
ematical concept of G-structures [1]. The basic strategy is to assume the existence of 
at least one Killing spinor e obeying V^e = 0, and to construct differential forms as 
bilinears from this spinor. These forms, which define a preferred G-structure, obey 
several algebraic and differential equations that can be used to deduce the metric and 
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the other bosonic supergravity fields. Using this framework, a number of complete clas- 
sifications [2-4] and many partial results (see e.g. [5-17] for an incomplete list) have 
been obtained. By complete we mean that the most general solutions for all possible 
fractions of supersymmetry have been obtained, while for partial classifications this 
is only available for some fractions. Note that the complete classifications mentioned 
above involve theories with eight supercharges and holonomy H = SL(2,H) of the su- 
percurvature R^ = T)^D V \, and allow for either half- or maximally supersymmetric 
solutions. 

An approach which exploits the linearity of the Killing spinors has been proposed 
[18] under the name of spinorial geometry. Its basic ingredients are an explicit oscillator 
basis for the spinors in terms of forms and the use of the gauge symmetry to transform 
them to a preferred representative of their orbit. In this way one can construct a 
linear system for the background fields from any (set of) Killing spinor(s) [19]. This 
method has proven fruitful in e.g. the challenging case of IIB supergravity [20-22]. 
In addition, it has been adjusted to impose 'near- maximal' supersymmetry and thus 
has been used to rule out certain large fractions of supersymmetry [23-27]. Finally, 
a complete classification for type I supergravity in ten dimensions has been obtained 
in [28], and all half-supersymmetric backgrounds of N = 2, D = 5 gauged supergravity 
coupled to abelian vector multiplets were determined in [29,30]. 

In the present paper we would like to address the classification of supersymmetric 
solutions in four- dimensional M = 2 matter-coupled U(l)-gauged supergravity, gener- 
alizing thus the simpler cases of M = 1, considered recently in [31,32], and minimal 
N = 2, where a full classification is available both in the ungauged [33] and gauged the- 
ories [34]. We shall thereby focus on the class where the Killing vector constructed from 
the Killing spinor is timelike, deferring the lightlike case to a forthcoming publication. 
Moreover, only coupling to abelian vector multiplets and gauging of a U(l) subgroup of 
the SU(2) R-symmetry will be considered, while the inclusion of hypermultiplets and 
nonabelian vectors, as well as a general gauging, are left for future work [35]. 

The outline of this paper is as follows. In section |2], we briefly review M = 2 



supergravity in four dimensions and its matter couplings. In 34. we discuss the orbits of 
Killing spinors and analyze the holonomy of the supercovariant connection. In section |] 
we determine the conditions coming from a single timelike Killing spinor, and obtain all 
supersymmetric solutions in this class. Finally, in section |S| we present our conclusions 
and outlook. Appendices [A] and [FJ contain our notation and conventions for spinors, 
while in appendix we show that the Killing spinor equations, together with the 
Maxwell equations and the Bianchi identities, imply the equations of motion in the 
timelike case. Finally, in appendix [D] we discuss the reduced holonomy of the three- 
dimensional manifold over which the spacetime is fibered. 
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2. Matter-coupled J\f = 2, D = 4 gauged supergravity 

In this section we shall give a short summary of the main ingredients of M = 2, D = 4 
gauged supergravity coupled to vector- and hypermultiplets [36]. Throughout this 
paper, we will use the notations and conventions of [37], to which we refer for more 
details. 

Apart from the vierbein e a and the chiral gravitinos ip % ,i = 1,2, the field content in- 
cludes riu hypermultiplets and riy vector multiplets enumerated by I = 0, . . . , %. The 
latter contain the graviphoton and have fundamental vectors A 1 , with field strengths 



v 



Fl = dpAl - d u Al + gAfAifjK 1 . 

The fermions of the vector multiplets are denoted as A m and the complex scalars as z a 
where a — 1, . . . ,ny. These scalars parametrize a special Kahler manifold, i. e. , an 
ny-dimensional Hodge-Kahler manifold that is the base of a symplectic bundle, with 
the covariantly holomorphic sections 

V=(* J V P a V = d a V-^(d a /C)V = 0, (2.1) 

where /C is the Kahler potential and T> denotes the Kahler-covariant derivative 1 . V 
obeys the symplectic constraint 

(V , V) = X 7 F 7 - FjX 1 = i . (2.2) 

To solve this condition, one defines 

V = e^ z '~ z)/2 v(z) , (2.3) 

where v(z) is a holomorphic symplectic vector, 

■m-UXU- (2 - 4) 

F is a homogeneous function of degree two, called the prepotential, whose existence is 
assumed to obtain the last expression. This is not restrictive because it can be shown 



-'^For a generic field 4> a that transforms under a Kahler transformation K.(z, z) — > JC(z, z) + A(z) + 
A(z) as (f> a -» e -(pA+gA)/2 (? < ) a j onc has Va(t) (3 = g^/3 + Y f3 ai ^i + §(0 Q £)c^. V & is defined in the same 
way. X 1 transforms as X 1 — ► e _ ( A_A '/ 2 X 7 and thus has Kahler weights (p, q) = (1, —1). 
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that it is always possible to go in a gauge where the prepotential exists via a local 
symplectic transformation [37, 38] 2 . The Kahler potential is then 



e 



-***■*> = -i(v,v). (2.5) 



The matrix Mu determining the coupling between the scalars z a and the vectors A 1 is 
defined by the relations 

F 7 = MuX J , VaFj = MuV^X J . (2.6) 

Given 

U a = V a V = d a V + -{d a K)V , (2.7) 

the following differential constraints hold: 

VpU a = g a $V , 
(U a ,V) = 0. (2.8) 

Here, C Q/ g 7 is a completely symmetric tensor which determines also the curvature of 
the special Kahler manifold. 

We now come to the hypermultiplets. These contain scalars q x and spinors ( A , 
where X = l,...,4riH and A = 1, . . . ,2uh- The 4nn hyperscalars parametrize a 
quaternionic Kahler manifold, with vielbein f^ and inverse f^ A (i. e. the tangent space 
is labelled by indices (iA)). From these one can construct the three complex structures 

fx Y = -ifx*i i fiA> (2-9) 

with the Pauli matrices a i J (cf. appendix [A]). Furthermore, one defines SU(2) connec- 
tions ujx by requiring the covariant constancy of the complex structures: 

= V X Jy Z = d X Jy Z ~ T W XY J W Z + T Z XW Jy W +2uJ X Xjy Z J (2.10) 

where the Levi-Civita connection of the metric g X y is used. The curvature of this 
SU(2) connection is related to the complex structure by 

R XY = 2d [x uj Y ] + 2u) x x w y = --k 2 J xy ■ (2.11) 



2 This need not be true for gauged supergravity, where symplectic covariance is broken [36]. How- 
ever, in our analysis we do not really use that the Fi can be obtained from a prepotential, so our 
conclusions go through also without assuming that Fi = dF{X)/dX I for some F(X). We would like 
to thank Patrick Meessen for discussions on this point. 
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Depending on whether k = or k ^ the manifold is hyper-Kahler or quaternionic 
Kahler respectively. In what follows, we take k = 1. 
The bosonic action of M = 2, D = 4 supergravity is 

e-^b- = j^R + lOmAOuF^F*" - ^(Re M) LJ e~ V^i^ , 
- ga fPpZ a V»z* - ±g XY V,q x V»q Y - V , 
- 9 -C hJK e-\^° A^AlidX - \gf LM K A L p A™) , (2.12) 

where Cj 7 jk are real coefficients, symmetric in the last two indices, with Z 1 Z J Z K Ci y jK = 
0, and the covariant derivatives acting on the scalars read 

V,z a = d,z a + gA^kftz) , V,q x = d,q x + gA^kf . (2.13) 

Here kf(z) and k x are Killing vectors of the special Kahler and quaternionic Kahler 
manifolds respectively. The potential V in fl2.12|) is the sum of three distinct contribu- 
tions: 

V = g 2 {V x + V 2 + V 3 ) , 

V I = g a pk?kle' c Z I Z J , 

V 2 = 2g XY k x k Y e> c Z I Z J , 

V 3 = A(U IJ - 3 e K Z l Z 3 )Pj ■ Pj , (2.14) 



with 



jju = g^e^v^V^Z 3 = --(ImA0~ 1|/J - e K Z T Z J , (2.15) 



and the triple moment maps Pi{q)- The latter have to satisfy the equivariance condition 

Pi x Pj + \jxvk x k Y - f u K P K = , (2.16) 

which is implied by the algebra of symmetries. The metric for the vectors is given by 

Afuiz, z) = F U + i N Z Nj f L N 7 M K . N IJ = 21mF IJ , (2.17) 

where Fjj = djdjF, and F denotes the prepotential. 
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Finally, the supersymmetry transformations of the fermions to bosons are 

8% = D»e* - gY^ti + -T ab F- b I e^T^{\mM) IJ Z J e K l 2 , (2.18) 



1 i 

.abT-i \ ,t i A J i C> _X. 



D>K = (fy + 4<r a6 )e l + -A^ + d^uxff? + gA^Pj/e 



SXT 



e >c/2 ga v z\lmM)ijF- J Y^e i ^ + TO^e, + <?JV?V 



^ = -ffT^V^e, + gAf iA e^ , 



where we defined 



(2.19) 



m = e Kt2 kjkfZ 1 - 2P Il3 V B Z I g^ 



M iA = -if^kfe^Z 1 



In ( p.!9|) , A^ is the gauge field of the Kahler U(l), 



A^ = --(d a Kd,z a - daJCd^) - gA^P? 



with the moment map function 



(2.20) 



P°=(TjV,V) 



(2.21) 



and 



TjV 



K 



-fu" o 

Cl,KJ flK 



X J 
Fj 



(2.22) 



The major part of this paper will deal with the case of vector multiplets only, i. e. , 
Tin = 0. Then there are still two possible solutions of Q2.16| ) for the moment maps Pi, 
which are called SU(2) and U(l) Fayet-Iliopoulos (FI) terms respectively [37]. Here we 
are interested in the latter. In this case 



Pi = e & 



(2.23) 



where e is an arbitrary vector in SU(2) space and £j are constants for the / correspond- 
ing to U(l) factors in the gauge group. If, moreover, we assume fjj = (abelian 
gauge group), and kf = (no gauging of special Kahler isometries), then only the V 3 
part survives in the scalar potential (|2.14j) , and one can also choose Ci } jk = 0. Note 
that this case corresponds to a gauging of a U(l) subgroup of the SU(2) R-symmetry, 
with gauge field t^iA 1 . 
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3. G-invariant Killing spinors in 4D 

3.1 Orbits of spinors under the gauge group 

A Killing spinor 3 can be viewed as an SU(2) doublet (e^e 2 ), where an upper index 
means that a spinor has positive chirality. e* is related to the negative chirality spinor 
e.j by charge conjugation, ef = e\ with 

ef = ToC-'e* . (3.1) 

Here C is the charge conjugation matrix defined in appendix 0. As e 1 has positive 
chirality, we can write e 1 = cl + de\ 2 for some complex functions c, d. Notice that 
cl + de\2 is in the same orbit as 1 under Spin(3,l), which can be seen from 

e 7ri3 e vri 2e <5r 13e hr 02 x = e i(s+j) e h cost p i + e H*-i) e h sin ^ e%2 . 

This means that we can set c = 1, d — without loss of generality. In order to 
determine the stability subgroup of e 1 , one has to solve the infinitesimal equation 

a cd T cd l = , (3.2) 

which implies a 02 = a 13 = 0, a 01 = —a 12 , a 03 = a 23 . The stability subgroup of 1 is 
thus generated by 

x = r i - r 12 , y = r 03 + r 23 . (3.3) 

One easily verifies that X 2 = Y 2 = XY = 0, and thus exp(//A + vY) = 1 + fiX + uY, 
so that X, Y generate M 2 . 

Having fixed e 1 = 1, also e\ is determined by e\ = e ic — e.\. A negative chirality 
spinor independent of e 1 is e 2 , which can be written as a linear combination of odd 
forms, e 2 = ae\ + 6e 2 , where a and b are again complex valued functions. We can now 
act with the stability subgroup of e 1 to bring e 2 to a special form: 

(l + (iX + vY)(aei + be 2 ) = be 2 + [a - 2b(/2 + iv)]e\ . 

In the case 6 = this spinor is invariant, so the representative is e 1 = 1, e 2 = ae\ (so 
that e 2 = al), with isotropy group M 2 . If b ^ 0, one can bring the spinor to the form 
be 2 (which implies e 2 = —bevzji with isotropy group I. The representatives 4 together 



3 Our conventions for spinors and their description in terms of forms can be found in appendix [B|. 

4 Note the difference in form compared to the Killing spinors of the corresponding theories in five 
and six dimensions: in six dimensions these can be chosen constant [3] while in five dimensions they 
are constant up to an overall function [24]. In four dimensions such a choice is generically not possible. 
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with the stability subgroups are summarized in table |]. Given a Killing spinor e J , one 
can construct the bilinear 

V A = A(e\T A e t ), (3.4) 

with the Majorana inner product A defined in ( |B.4| ), and the sum over i is understood. 
For 62 = oei, Va is lightlike, whereas for e 2 = be 2 it is timelike, see table [I]. The 
existence of a globally defined Killing spinor e\ with isotropy group G G Spin(3,l), 
gives rise to a G-structure. This means that we have an Restructure in the null case 
and an identity structure in the timelike case. 

In U(l) gauged supergravity, the local Spin(3,l) invariance is actually enhanced to 
Spin(3,l) x U(l). For U(l) Fayet-Iliopoulos terms, the moment maps satisfy ( |2.23|) , 
where we can choose e x = <5f without loss of generality. Then, under a gauge transfor- 
mation 

4 -* 4 + <v , (3.5) 

the Killing spinor e* transforms as 

e 1 -> e-^'^e 1 , e 2 -> e 19 ^ ' e 2 , (3.6) 



which can be easily seen from the supercovariant derivative (cf. eq. ( |2.19| )). Note that e 
and e 2 have opposite charges under the U(l). In order to obtain the stability subgroup, 
one determines the Lorentz transformations that leave the spinors e 1 and e 2 invariant 
up to a arbitrary phase factors e 1 ^ and e~ 1 ^ respectively, which can then be gauged 
away using the additional U(l) symmetry. If e 2 = 0, one gets in this way an isotropy 
group generated by X, Y and Ti 3 obeying 

[r 13 ,X] = -2F, [r 13 ,F]=2X, [X,Y]=0, 

i. e. G = U(1)kIR 2 . For 62 = ae\ with a^O, the stability subgroup M 2 is not enhanced, 
whereas the I of the representative (e 1 , e 2 ) = (1, be 2 ) is promoted to U(l) generated by 
T 13 = ir i9 . The Lorentz transformation matrix clab corresponding to A = exp(^r i .) G 
U(l), with Ar^A -1 = a A B^A, has nonvanishing components 

a+ _ = a _ + = 1 , o. 5 = e 2 ^ , a-.. = e" 2# . (3.7) 

Finally, notice that in U(l) gauged supergravity one can choose the function a in 
e 2 = ae\ real and positive: Write a = Rexp(2iS), use 

e <5r 131 = e iS 1 ^ e 5ri3 aei = e~ i8 ae x = e i5 Re 1 , 
and gauge away the phase factor exp(iS) using the electromagnetic U(l). 



(eV 2 ) 


G C Spin(3,l) 


G C Spin(3,l) x U(l) 


V A E A = A{t\T A e i )E A 


(1,0) 


R 2 


U(1)kM 2 


-V2E- 


(l,oei) 


R 2 


R 2 (a G R) 


-V2(l + a 2 )E- 


(l,6e 2 ) 


I 


U(l) 


V2{\b\ 2 E+ - E~) 



Table 1: The representatives (e 1 ^) of the orbits of Weyl spinors and their stability sub- 
groups G under the gauge groups Spin(3,l) and Spin(3,l) x U(l) in the ungauged and U(l)- 
gauged theories, respectively. The number of orbits is the same in both theories, the only 
difference lies in the stability subgroups and the fact that a is real in the gauged theory. In 
the last column we give the vectors constructed from the spinors. 

Note that in the gauged theory the presence of G-invariant Killing spinors will in 
general not lead to a G-structure on the manifold but to stronger conditions. The 
structure group is in fact reduced to the intersection of G with Spin(3,l), and hence is 
equal to the stability subgroup in the ungauged theory. 

The representatives, stability subgroups and vectors constructed from the Killing 
spinors are summarized in table [I] both for the ungauged and the U(l)-gauged cases. 

3.2 Generalized holonomy 

The variation of the chiral gravitini under supersymmetry transformations is given by 
( |2.18| ). This can be rewritten in terms of Majorana spinors ifA = ipl+ipifj, and e- = e J +ej, 
where ip ilM and e; denote the charge conjugate of ip l and e l respectively. One has then 



61% = V^ = (0„ + -<T afe )e^ + - W + d^q x [Re u Xj * + *r 5 Im u Xj * \ c> 

/C/2 



'] 



+gAl [RePj/ + ir 5 ImPr/] el + gT^ 2 [Re(P? ' Z 1 ) - iT 5 Im(P? Z 1 )] e 
+ir • [Re(F- 7 Z J ) + iT 5 Im(F' I Z J )] e^'r^Im N)ue K ' 2 . 



(3. 



From this it is evident that the holonomy of the supercovariant derivative t>^ is con- 
tained in GL(8,R), so that in principle one can have vacua that preserve any number 
N of supersymmetries with N = 0, 1, ... 8. In the case without hypermultiplets, and 
for U(l) FI terms with Pi = e£/ and e x = <5f , it is instructive to rewrite everything 
using complex (Dirac) spinors ip^ = ip l + ^> 2j u, e = e 1 + e 2 5 . This yields 



<% = (^ + 4<r o6 )e + -A M r 5 e + igfrAfc + gT& [imX 1 + zr 5 ReX 7 ] e 
+ -T ■ [lm(F- 7 X J ) - 2r 5 Re(F- 7 X J )] (ImAT) 7J r M e 



(3.9) 



5 Note that one can reconstuct ip l u and tp2u from ip^ by projecting on the two chiralities. 
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as well as (introducing X a = X 2 + A° 



c^ 



5X C 



e K/2 (ImAf)uT ■ \lm(F- J VgZ I g ^) - iF 5 Rje(F- r VgZ I g 



a p\ 



+T< x d IM [Rez a - iF 5 Imz a } e + 2ge> c/2 £ I kmiV^g^) - iT^R^V-^g 



-,ot$\ 



€ . 



We see that in this case the complex conjugate spinor e* does not appear in the 
variation of the fermions, so that the supercovariant derivative has smaller holonomy 
GL(4, C) C GL(8,IR), and the number of preserved supercharges is necessarily even, 
N = 0,2,4,6,8. The generalized holonomy group for vacua preserving N supersymme- 
tries is then GL(^p", C) k|C^~, like in minimal gauged supergravity [34,39]. To see 
this, assume that there exists a Killing spinor ei 6 . By a local GL(4, C) transformation, 
ei can be brought to the form ei = (1, 0, 0, 0) T . This is annihilated by matrices of the 

form 

a T 

A 



A 



that generate the affme group A(3, C) — GL(3, C) kC . Now impose a second Killing 



spinor e 2 



e 2i*L2J 



Acting with the stability subgroup of t\ yields 



A 

e- A e 2 



b T e, 



e"e- 



where b T = a T A~ x (e A - I) 



We can choose A £ gl(3, C) such that e A e 2 = (1, 0, 0) T , and b such that e° + & T e 2 = 0. 
This means that the stability subgroup of t\ can be used to bring e 2 to the form 
e 2 = (0, 1, 0, 0). The subgroup of A(3, C) that stabilizes also e 2 consists of the matrices 



/ 1 6 2 h \ 
1 B u B n 
B 2 2 -B23 

\0 0B 32 B 33 J 



GGL(2,C) k2C 2 



Finally, imposing a third Killing spinor yields GL(1,C) K 3C as maximal generalized 
holonomy group, which is however not realized in M = 2, D = 4 minimal gauged 
supergravity [11, 25] 7 . It would be interesting to see whether genuine preons (i.e., 
3/4 supersymmetric backgrounds that are not locally AdS) exist in matter-coupled 
supergravity. 



6 The index of ei here should not be confused with an SU(2) index for chiral spinors. 
7 3/4 supersymmetric solutions of minimal gauged supergravity are necessarily quotients of AdS4 : 
which have been constructed in [401. 
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4. Timelike representative (e 1 , 62) = (1, be2) 

In this section we will analyze the conditions coming from a single timelike Killing 
spinor, and determine all supersymmetric solutions in this class. We shall first keep 
things general, i. e. , including hypermultiplets and a general gauging, and write down 
the linear system following from the Killing spinor equations. This system will then 
be solved for the case of U(l) Fayet-Iliopoulos terms and without hypers, while the 
solution in the general case will be left for a future publication [35]. 

4.1 Conditions from the Killing spinor equations 

From the vanishing of the hyperini variation one obtains 

-^f^.q X + ^ffV.q* - 9 ^ A = 0, (4.1) 

-^x V +1 X + fy^f ~ 9~ bMlA = ° ' < 4 " 2 ) 

whereas the gaugino variation yields 

y c/2 g a ^Z I (lmJ\f)u(F- J ' i - F- J+ -) - V2V+z a - gbN? 2 = , (4.3) 

2be lc/2 g a ~ p V- p Z I (\mM) u F' J+ ' + y/2V.z a + gN^ = , (4.4) 

e K/2g<*0T>pZ I (ImJ\f) IJ (F- J+ - - F- J ") + bV2V_z a + gN^ = , (4.5) 

-2e K/2 g a ~ p VpZ I (hnH)ijF- J - % + bV2V-.z a - gbN£ 2 = . (4.6) 
Finally, from the gravitini we get 

l -{u%- - O + l -A + + S^W + gAiPj, 1 

-V2gbS 12 + -^(F- I+ - - F- l9i )(lmAf) IJ Z J e^ 2 = , (4.7) 

v2 

-to'' - bd + q x uo X2 1 - gbA I + P I2 1 - V2bF- I -(ImAf) IJ Z J e lc/2 = , (4.8) 

-b luX* + d + q x cu x ! 2 + gA\P IX 2 - V2gbS 22 = , (4.9) 



d + b - |( w ~ - w +-) - |a + - bd + q x u X2 2 - gbA\P 12 2 -- 


= 0, 


(4.10) 


l -{uo + _- - uV) + '-A. + d-qXuxi 1 + gALPu 1 = , 




(4.11) 


-loZ' - W_q x uJx2 1 ~ bgA I _P I2 1 + V2gS u = , 




(4.12) 
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-d-b - b -(u'J - u f) ~ \a_ - bd_q x u X2 2 - bgAiP I2 2 

+V2gS 21 + -^{F- 1 " - F- I+ -)(lmAf) IJ Z J e^ /2 = , (4.13) 

v2 

-Iuj+' + d„q x u xi 2 + gAiPn 2 + V2F' I+i {\uiU) IJ Z J e K/2 = 0, (4.14) 



i(w+- - O + % -A. + d.q x uj x x 1 + ^P,/ + V2bF- I+i (lmAf)jjZ J e^ 2 = , (4.15) 



-co.' - bd.q x u X2 1 - bgAlPu 1 - V2gbS 12 

+ _L(F- 7 " - F- I+ -)(lmAf)jjZ J e^ 2 = , (4.16) 

v2 

-^. +i + d.g^W 2 + gA\P IX 2 = , (4.17) 

-9.6 - ^K" - wj~) - | A - bd.q x u X2 2 - ^P /2 2 - v/2^5 22 = , (4.18) 

i(w+- - w:*) + |A S + d^xi 1 + ^P.x 1 - v^S 11 = , (4.19) 

-Ut m - bd-.q x u X2 l - bgA[P I2 l = , (4.20) 

-bu;r-+d-.q x uj xl 2 + gA I i P I1 2 - V2gS 21 

- -^(F- I+ - - F- I ")(lmAf) IJ Z J e' c/2 = , (4.21) 

V2 

— n in — 

-3,1--^ - w+-) - |A S - 69 ig x c X2 2 

- bgA\P I2 2 + y/2F- I -*(lmN) IJ Z J e/ c ^ = . (4.22) 

4.2 Geometry of spacetime 

In order to obtain the spacetime geometry, we consider the spinor bilinears 

^.=A(e\ry,), (4.23) 

where the Majorana inner product A is defined in ( [B.4j) . The nonvanishing components 



arc 



V_\ = -V2, V 2 2 = Vlbb , V,\ = V2b , V 9 \ = V2b . (4.24) 
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Note that V'. = Vj *, so that we can expand into a basis of hermitian matrices, 



CJ /« * 



^i^Vi + V^/- (4-25) 

This yields for the trace part 

V„dx^ = V2{\b\ 2 E + - E~) , (4.26) 

while the nonzero components of V^ read 

V x = — V x = — V 2 = -— V 2 =*- v* = -~— \/ 3 = -— 
• y/2' * v/2' ' v/2' ' v/2' + y/2 1 ~ s/2 ' 

Using the identities 

co Xi j * = -ux/ , Pit = -Pi/ , & = S* , 



it is straightforward to shew that the linear system (O) - ( [4.22 ) implies the following 
constraints on the spin connection: 

uj+- = <9 + ln(66) =d_(6&), w±~ = 0, -lb uj+' + cul* - u+- = , 

bbcu+- - d. (66) - cu;* + 66 cj+* = , -66 cu. +i + w."* = , 

-66(c4* + w+') + u-' + a;," 5 = . (4.27) 

These are ten real equations, which are easily shown to be equivalent to 

d A V B + d B V A - u C b\aV c - uj C a\bV c = , (4.28) 

which means that V is Killing. Note that V 2 = —4bb, so V is timelike. Moreover, one 
verifies that the system ( |4.7|) - (|4.22| ) yields the relations 



dV x + e xyz A y A V z = T x , (4.29) 

with the gauged SU(2) connection 

^ = 2d fl q x u x + 2gA I ^P I , (4.30) 

where we switched from SU(2) indices to vector quantities using the conventions of 
appendix |A]. The torsion tensor 8 T x can be written as 

T x = - e xyz B y A V z , (4.31) 



^The reason for choosing this name will be explained in appendix O. 
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with the one-form B y given by 
B\ = -2V2glm(bS 22 ) , B l _ = -2V2glm (Spj , B l . = -^lR e (bS 12 ) , 

B\ = -2V2g Re(bS 22 ) , B 2 _ = 2V2g Re ( £- J , £. 2 = -iB. 1 , 

B% = -2V2g lm(bS 12 ) , B 3 = -S+ , 5.3 = ^(bS 22 - bS 11 ) . (4.32) 

00 

Notice that we are free to include the torsion term in the SU(2) connection, by rewriting 
Q429D as 

dV x + e xyz (A y + B y )AV z = 0, (4.33) 

so that the forms V x are actually SU(2)-covariantly closed, similar to the ungauged 
case [15]. If we define 



and similar for B, eqns. ( |4.9| ), ( f4.12| ), ( 4.17 ) and ( |4.20| ) can be cast into the form 



bujf = -\{AX + B+) , uZ 9 = *(AZ + BZ) , 

^ = \{A- + 5.-) , buf = - % -{At + Bt) . (4.34) 

These equations relate the SU(2) to the spin connection, and tell us how the former is 
embedded into the latter. Such an embedding is necessary for unbroken supersymmetry; 
it leads to a (partial) cancellation of the SU(2) and spin connections in the gravitino 
supersymmetry transformation, and generalizes the mechanism of [41,42]. 

Let us now choose coordinates (t, x 1 , x 2 , x 3 ) such that V = dt. The metric will then 
be independent of t. Note that d t = \/2(\b\ 2 d- — d + ). Making use of 

<^X i — Pli = , 

eqns. (|£7|), (Pfl) , (pT|) and flEI5D give 



d t In o = zA t , (4.35) 

whose real part implies that |6| is time- independent. In terms of the vierbein E^ the 
metric is given by 

ds 2 = 2E + E- + 2E*E* , (4.36) 
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where 

x V.-2V 3 K + 2V? V^ + zK 2 - V^-z'V 2 

M " 2V2|6| 2 ' M " ~ 2v/2 ' " V2b ' M V^fe ' 

From V 2 = -4\b\ 2 and V = d t as a vector we get V* = -4|6| 2 , so that V^ = -4\b\ 2 (dt+a) 
as a one-form, with <j t = 0. Furthermore, V* = yields E* = and thus V t l = V 2 = 0. 
Since V and V 3 are orthogonal, V^Vjf = 0, also V t 3 vanishes, and hence V t x = 0. The 
metric ( |4.36| ) becomes thus 

ds 2 = -A\b\ 2 {dt + a) 2 + \b\- 2 5 xy V x V y . (4.37) 

In order to proceed one would like to choose the gauge A x + Bf = 0, which reduces 
to the choice made in [15] for g — > 0. Then the SU(2)-covariant closure of the V x 
(eq. (|4.33|) ) states that the SU(2) connection A + B and the V x are time- independent. 
Eq. ( |4.33j ) can then be interpreted as Cartan's first structure equation on the three- 
dimensional base space. One therefore has to show that the above gauge is always 
possible. Let us at this point restrict to the case without hypers and no gauging of 
special Kahler isometries (kf = 0). The inclusion of hypermultiplets will be studied 
in a forthcoming publication [35]. This leaves two possible solutions for the moment 
maps [37], namely SU(2) or U(l) Fayet-Iliopoulos (FI) terms. We shall consider here 
the latter, which satisfy ( |2.23|) , where e x = 5f without loss of generality 9 . One has then 

Pll l = -Pl2 2 = ltl, Pn 2 = P I2 l = ^, 

S 12 = S 21 =t ^jZ'e^ 2 , S u = S 22 = } (4.38) 

as well as 

Al = Al = 0, Al = 2gAfa. (4.39) 

From ( [4.33 ) one obtains dV 3 = 0, like in minimal gauged supergravity [7,34]. If we 



choose the gauge A 3 + B 3 = 0, the one-forms V x will be time- independent. Note that 
the U(l) gauge transformation ( |3.5| ) necessary to achieve this does not spoil our choice 
of representatives: As discussed in section |3.1| , the phase factors acquired by the Killing 
spinors e % (eq. ( |3.6|) ) can be eliminated by a subsequent Spin(3,l) transformation. The 
above gauge condition implies 

A 1 ^ = -Um{bS 12 ) , (4.40) 

and is left invariant by transformations Q3.5D with time-independent ^ia 1 . As the SU(2) 
connection A + B and the V x do not depend on t, one can regard ( 4.33Q as Cartan's 



first structure equation on the three-dimensional base manifold with metric 5 xy V x V y 



(5f can always be achieved by a global SU(2) rotation (which is a symmetry of the theory). 
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Next we consider the equations coming from the gaugino variation. Using 

jV- = JV£ = , N& = N& = -2% i^V^Z 1 g^ , 

and V^z a = <9 M z a , eqns. (|J) and flpD yield 

d t z a = 0, 

i. e. , the scalar fields are time-independent. Choosing the constants Ci y jK = and 
taking into account that the structure constants fu vanish also, eqns. ( [2.21| ) and 
( |2.22| ) imply for the moment map function Pf = 0. But then from ( |2.20p one has for 
the Kahler U(l) 

A t = - l -{d a lCd t z a - d«K,d t z & ) = . 



Plugging this into ( |4.35[ ) gives dtb = 0, hence b is time-independent as well. 

Notice that the system ( |4.7|) - ( 4.22|) allows to express the linear combinations A 1 ^ 



and F 7 (Im M)ijZ j of the gauge potentials and fluxes in terms of the spin connection, 
the Kahler U(l), the linear combination of scalars Z 1 ^ and the function b, 

igA 1 ^ =i w ? + % -A + - l -d + In = , igAUi = \u£ - \A- , 

i gAl£ I = l(u;:- + u;: i )- t -A., (4.41) 



F- I+i {\mN)uZ J e K l 2 = -L^* , F- I -'{\mM) IJ Z J e K ' 2 



-co 



+ > 



v/2 ' v J1 " V2b 

(F- I+ - - F- I ")(lmAf) I jZ J e K/2 = -Vzbu?* - 2ig£ I e K/2 Z I . (4.42) 

As the (n v + 1) x (n v + 1) matrix (X^V^X 1 ) is invertible [37], (f£32J) together with 
the gaugino equations (|4.3|)-(|4"1j|) determine uniquely the fluxes F~* , with the result 10 



n - /2 

F- I+i = ^-X I (d.\nb + iA.) + ^L-V^d.z* , 
o o 

F- 1 — = -V2bX\d-.\nb + iA i ) - ^/2bV ^X 1 d-.z a , (4.43) 

F- I+ - - F~ J " = ^X I (d + ln6 + iA + ) + —V a X T d + z a + 2ig UlmAf)-^" . 
b ' b 

Moreover, antiselfduality implies that 
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To get this, one has to use (C.15) 



-16- 



With Q4.43Q , all gaugino equations are satisfied. 

Furthermore, the system (|4.7|) - (|4.22|) determines almost all components of the 
spin connection (with the exception of u") in terms of A^, Z 1 ^, the function b and 
its spacetime derivatives, 



OJ, 



d + \n(bb) 



U! 



+- 



w. 



U, 



u2 
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u> 



uf = d- In b - iA_ + 
= —b djb — ibbAj , 



1 
~~bb 
2y/2ig 



= d. In b + iA, 
(d-.\nb - iA-.) , 

i^Z 1 , 



b 

ujZ' = u* % = , 

u~ m = d + \nb + iA + - 2V2gbi ii^Z 1 . 

From the gauge condition ( [4.40 ) we obtain one more component, namely 



ijj t 



V2d+ In = + 2y/2iA+ - Aig^AbX 1 + bX 1 
b 



'2{\b\ 2 w* - u*) = 
The next step is to impose vanishing spacetime torsion 



(4.44) 



(4.45) 



d u E„ — d u E n +uj„ r E„ —uj, /R E 



'V^V 



uB v 



J vB^U 







One finds that most of these equations are already identically satisfied, while the re- 
maining ones yield (using the expressions ( |4.44| ) for the spin connection) 



da + C x e xyz V y A V z = , 

where the (real) SU(2) vector ( x is defined as 

1 



(4.46) 



c 1 + < 5 



c 3 



1 



V2|&p 



._.. . -5 s ln= + Ai 
V2b 2 b \2 ' b 



T 



(4.47) 



We already noted that dV 3 = 0, hence there exists a function z such that V 3 = 
dz locally. Since V 3 = 0, z must be time-independent. Let us use z as one of the 
coordinates x l ,x 2 ,x 3 , say z = x 3 . The remaining spatial coordinates will be denoted 
by late small latin indices m,n, . . ., i. e. , x m = x x ,x 2 , while capital late latin indices 
M, N, . . . = 1,2 refer to the corresponding tangent space. One can eliminate the 
components V Z M by a diffeomorphism 



x 



m I in \ 
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with 

yM ux _ _yM 

m dz 

As the matrix V^f is invertible 11 , one can always solve for dx m /dz. Notice that the 
metric ( [4.371 ) is invariant under 

* -»• t + X(x m , z), a -> a-dx, 

for an arbitrary function x(a: m , z). This second gauge freedom can be used to set 
a z = 0. Thus, without loss of generality, we can take a = a m dx m , and the metric 
(|4.37|) becomes 



ds 2 = -4\b\ 2 {dt + a m dx m ) 2 + \b\~ 2 {dz 2 + S M nV m V n ) . (4.48) 

The solution of the Cartan structure equation ( [4.29 ) is then given by 



Vl + iV 2 = (t£ + %Vl) Q) 2 exp $ , (4.49) 

u'; = ^=e _ *(VT - iV 2 m ) [-iu m + d m (® ~ ^ |6|)] , (4.50) 

where V^f denote integration "constants" depending only on x n but not on z, V^ is 
the corresponding inverse zweibein, $ is a complex function defined by 

d z § = 2igb (^- - £-) - "? , (4-51) 

and Cj = uj 12 is the spin connection following from the zweibein V M . At this point it 
is convenient to use the residual U(l) gauge freedom of a combined local Lorentz and 
electromagnetic gauge transformation to eliminate u*'. This is accomplished by the 
transformation (|3.7|) , with 

^ = \ I dzuJ " ■ 

Note that ip is real, as it must be. Moreover, as ip is time- independent, this does not 
spoil the gauge choice ( |4.4Q| ) . With u*' = 0, $ is real. In what follows, we shall 



introduce complex coordinates w = x 1 + ix 2 , w = x l — ix 2 , and choose the conformal 
gauge for the two-metric SmnV^V^ , i. e. , 

6 M nV™Vu = e^dwdw , (4.52) 



This follows from ^j = 2 det(V„f )/\b\ 2 
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where 7 = j(w,w). From (|4.51|) it is clear that $ is defined only up to an arbitrary 
function of w, w. This allows to absorb 7 into $, so one can take 7 = without loss of 
generality Then the metric (|4.48|) simplifies to 



ds 2 = -A\b\ 2 {dt + a) 2 + \b\- 2 (dz 2 + e 2 *dwdw) 



(4.53) 



with a = <T,„dw + <r,T,dw. 



Defining the symplectic vector 

J = Im (V/6) , 
where V is given in ( |2.1| ), eq. ( }4.46| ) can be cast into the form 



X 1 X 1 



da + 2 *< 3 > (J, dX) - ^Lfr ( ±- + ^- ) e 2 *dw Adw = 0. 



(4.54) 



(4.55) 



Here -k^ is the Hodge star on the three-dimensional base with dreibein V x . In the 
ungauged case g = 0, (|4.55| ) reduces correctly to the expression given in [15]. 

All that remains to be done at this point is to impose the Bianchi identities and 
the Maxwell equations, which read respectively 

dF I = 0, dReGj = 0, (4.56) 

where Gj = AfijF ±J . One finds that the Bianchi identities are equivalent to 

'X 1 X, 



A88(^~\+d, 



e 2q> d z 



(4.57) 



while the Maxwell equations yield 



b b 



X J X 3 

T + ~b~ 







4d8l%-!L) + d, 



^ (Ei-ii 



-2igi;d z < e 



2* 



ir 2 ReA/} L (imA/r i|jL + 2 ( f + y) (x + x 



Sig&e 



:'<[> 



<^>-^(t + T 







(4.58) 



Here we defined d = d w , d = dm. Note that imposing dF 1 = is actually not suffi- 
cient; we must also ensure that ^iF 1 = ^jdA 1 , because the linear combination ^jA 1 is 
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determined by the Killing spinor equations (cf. eq. (|4.41| )). This gives the additional 
condition 



2(99$ = ge 



2<I> 



i£id z 



X 1 X 1 



1 ~ T \ 2 

+ 2g\b\-%U^r MIJ + *g[ ^- + ilX 



(4.59) 



which is slightly stronger than the contraction of (|4.57|) with £ 
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Finally, note that the integrability condition for ( |4.55| ), namely 



2(l,A^l)=^d 



•»n-% [%- + ¥- 



e 2 ®dw A dw 



(4.60) 



where A^ 3 ) denotes the Laplacian on the three-dimensional base manifold, follow from 
the Bianchi identities and the Maxwell equations. One can show this by using some 
relations of special Kahler geometry. 

In conclusion, the functions b and $ together with the scalar fields are determined 
by the equations ( J4.51| ), ( |4.57| ), ( |4.58| ) and ( [4.591 ). Then, the shift vector a is obtained 
from Q4.55J) and the metric is given by (|4.53|) . The gauge fields can be read off from 
(|4.43|) , which can be rewritten as 



F 1 = 2(dt + a)Ad [bX 1 + bX 1 ] + \b\~ 2 dz A dw [X\db + iAj)) + (V a X r )bdz a - 
X\db - iA^b) - {VaX^Wz 61 ] - \b\- 2 dz A dw [X\db + iAJ>)+ 
{V a X I )bdz a - X\db - iA w b) - (VaX^bdz*] - 

-\b\- 2 e 2 *dw A dw [X\d z b + iA z b) + {V a X r )bd z z a - X\d z b - iA z b)- 

{V^X^bdX - 2igO(ImAfr llIJ ] • (4.61) 



Notice that, in the timelike case, the vanishing of the supersymmetry variations, to- 
gether with the Bianchi identities and the Maxwell equations, imply all the equations 
of motion. This is shown in appendix p. 

In a forthcoming paper [43] we shall consider various models (specified by a cer- 
tain prepotential), and give explicit solutions of the above equations that represent 
super symmetric AdS black holes with nontrivial scalar fields turned on. 



5. Final remarks 

In this paper, we applied spinorial geometry techniques to classify all supersymmetric 
solutions of N = 2 gauged supergravity in four dimensions coupled to abelian vector 



Contracting (4.57) with £/ and using (4.51), one gets the derivative of ( |4.59| ) with respect to z. 
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multiplets. Our results can be used to construct new BPS black holes in AdS4 with 
nonconstant scalars. Such solutions are, to the best of our knowledge, unknown up to 
now, and would be important to study the attractor mechanism in AdS [44]. This will 
be the subject of a future publication [43]. 

Possible extensions of our work could be to impose the existence of more than one 
Killing spinor and to determine how this constrains further the geometry of supersym- 
metric backgrounds, as was done in the minimal case in [34] . It would also be interesting 
to see if nontrivial preons (i.e., solutions with nearly maximal supersymmetry that are 
not simply quotients of AdS) exist in matter-coupled gauged supergravity. 

In refs. [45,46], the J\f = 2, D = 4 theory coupled to non-abelian vector multi- 
plets with a gauge group that includes an SU(2) factor was considered, and various 
supersymmetric solutions, such as embeddings of the 't Hooft-Polyakov monopole and 
extremal black holes were obtained. These geometries are asymptotically flat, and it 
would be very interesting to find similar solutions in the asymptotically AdS case, for 
instance in J\f = 2 supergravity where the full SU(2) R-symmetry is gauged, which can 
induce a negative cosmological constant. There are only very few analytically known 
Einstein- Yang-Mills black holes, and to dispose of more solutions would of course be 
helpful in probing the validity of the no-hair conjecture. Of particular relevance in this 
context are black holes with AdS asymptotics, which were recently argued to require an 
infinite number of parameters for their description [47]. This is one of the reasons that 
make it desirable to systematically classify all supersymmetric backgrounds of M = 2, 
D = 4 supergravity with general gauging. Work in this direction is in progress [35]. 
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A. Conventions 

We use the notations and conventions of [37], which are briefly summarized here. More 
details can be found in appendix A of [37]. 

The signature is mostly plus. Late greek letters /jl, u, . . . are curved spacetime 
indices, while early latin letters a,b, . . . = 0, . . . , 3 and A, B, ... = +,—,«, I refer to the 
corresponding tangent space, cf. also appendix M. 
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Self-dual and anti-self-dual field strengths are defined by 

1 i 

F ab = 2(^6 ± Kb) J -^afe = -^abcdF ° , (A.l) 

where e i23 = 1, e 0123 = — 1- We also introduce 

r^eeXe^e". (A.2) 

The p-form associated to an antisymmetric tensor T w ...^ is 

T = lT w ...^dx w A ... A dx^ , (A.3) 



and the exterior derivative acts as 13 

l -T 



dT = -T M1 „ „<&" A da^ 1 A ... A ob^ . (A.4) 



Antisymmetric tensors are often contracted with r-matrices as in T ■ F = T F^. 

i,j,... = 1,2 are SU(2) indices, whose raising and lowering is done by complex 
conjugation. The Levi-Civita e* J has the property 



e 



ye* = -<***, (A.5) 



where in principle e y is the complex conjugate of e^, but we can choose e = zer 2 , such 
that 

e 12 = e 12 = l. (A.6) 

The Pauli matrices o x j (x = 1, 2, 3) are given by 

-(?;). -(?o). -C-i)- <-' 

They allow to switch from SU(2) indices to vector quantities using the convention 

Aj^iA-Bj. (A.8) 

At various places in the main text we use a-matrices with only lower or upper indices, 
defined by 

Bij = B { k e kj , ia ij = (ia^)* . (A.9) 

Notice that both Bij and B^ are symmetric. 



13 Our definitions for p-forms, eq. ( |A.3| ), and for exterior derivatives, eq. (A.4), are the only points 
where our conventions differ from those of [37]. 
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Spinors carrying an index % are chiral, e.g. for the supersymmetry parameter one 
has 

IV = e\ T 5 e i = -e i , (A.10) 

and the same holds for the gravitino ip % . Note however that for some spinors, the upper 
index denotes negative chirality rather than positive chirality, for instance the gauginos 
obey 

T 5 A m = -A m , r 5 A? = Af, (A.ll) 

as is also evident from the supersymmetry transformations. The charge conjugate of a 
spinor \ is 

x c = T C- 1 x*, (A.12) 

with the charge conjugation matrix C. Majorana spinors are defined by x = X° ■, an d 
chiral spinors obey X? = X 1 - 

B. Spinors and forms 

In this appendix, we summarize the essential information needed to realize the spinors 
of Spin(3,l) in terms of forms. For more details, we refer to [48]. Let V = M 3 ' 1 be 
a real vector space equipped with the Lorentzian inner product (•,•)■ Introduce an 
ortho normal basis e\,e 2 ,e 3 ,eo, where eo is along the time direction, and consider the 
subspace U spanned by the first two basis vectors ei, e 2 . The space of Dirac spinors is 
A c = A*([/<g)C), with basis 1, e±, e 2 , e i2 = t\ Ae 2 . The gamma matrices are represented 
on A c as 

T r] = -e 2 Ar] + e 2 \r], Ftf = e 1 A r] + e 1 \r] , 

T 2 r] = e 2 Ar] + e 2 \r], T 3 rj = ie x A rj - ie x \ rj , (B.l) 



where 



is a /c-form and 



1 

7 lo\---'jk e 'ji ^ ■ ■ ■ ^ e jk 



k\ 



1 
e i\V = / fc _ 1 x, %-i-j fc -ieji A ... A e 



jk-i ■ 



One easily checks that this representation of the gamma matrices satisfies the Clifford 
algebra relations {T a , T b } = 2i] ab . The parity matrix is defined by T 5 = ■ir r 1 r 2 r 3 , 
and one finds that the even forms 1, e 12 have positive chirality, r 5 ?7 = rj, while the odd 
forms ei, e 2 have negative chirality, T 5 i] = —r], so that A c decomposes into two complex 
chiral Weyl representations A+ = A evcn (£7 ® C) and A~ = A odd (U ® C). Note that 
Spin(3,l) is isomorphic to SL(2, C), which acts with the fundamental representation on 
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the positive chirality Weyl spinors. 

Let us define the auxiliary inner product 

2 2 2 

i=l j=l i=l 

on U ® C, and then extend it to A c . The Spin(3,l) invariant Dirac inner product is 
then given by 

D( V ,9) = (r oV ,9). (B.3) 

The Majorana inner product that we use is 14 

A(r,,0) = {Cr,;0), (B.4) 

with the charge conjugation matrix C = r% 2 . Using the identities 

r: = -CToTaToC- 1 , T* = -CTaC- 1 , (B.5) 

it is easy to show that (|B.4[) is Spin(3,l) invariant as well. 



The charge conjugation matrix C acts on the basis elements as 

CI = ei2 , Ce 12 = -1 , Ce\ = —e 2 , Ce 2 = e\ ■ (B.6) 

In many applications it is convenient to use a basis in which the gamma matrices 
act like creation and annihilation operators, given by 

T +V = ±= (r 2 + T ) V = V2e 2 jrj, T_ V = 1=(T 2 - T ) V = V2e 2 A V , 

r. V = — (T 1 - iT 3 ) r J = V2e 1 Ar J , T-. V = —={T 1 + iT 3 ) r) = V2 e^r, . (B.7) 

The Clifford algebra relations in this basis are {T^r^} = 2r]AB, where A,B,... = 

+, — , •, • and the nonvanishing components of the tangent space metric read r/ H = 

?7_ + = r),j = rji, = 1. The spinor 1 is a Clifford vacuum, T + l = r s l = 0, and 
the representation A c can be constructed by acting on 1 with the creation operators 
r + = T_, r* = r., so that any spinor can be written as 

2 1 

fc=0 

The action of the Gamma matrices and the Lorentz generators T ab is summarized in 
table a 



14 It is known that on even-dimensional manifolds there are two Spin invariant Majorana inner 
products. The other possibility, based on C = iTq^, was used in [25]. 
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e 2 


ei A e 2 


r+ 








v/2 


-\/2ei 


r_ 


\/2e 2 


-\p2e x A e 2 








r. 


^2ei 





v^ei A e 2 





r 5 





v/2 





V2e 2 


r+- 


1 


ei 


-e 2 


— ei A e 2 


r*. 


1 


-ei 


e 2 


— ei A e 2 


r + . 








-2ei 





r +i 











2 


r_. 


-2ei A e 2 











r_ s 





2e 2 









Table 2: The action of the Gamma matrices and the Lorentz generators Tab on the different 
basis elements. 



Note that T A = U A a T a , with 



W) = ^ 



/ 1 1 \ 



V 



-10 10 
1 -i 

10 i 



e U(4) , 



so that the new tetrad is given by E = (U*) a E a . 



C. BPS equations and equations of motion 

We will now show that the vanishing of the supersymmetry variations, plus Bianchi 
identities and Maxwell equations, imply all equations of motion in the timelike case, 
and all but one in the null case. Without hypermultiplets, the equations of motion are 
(here we set 8nG = 1) 



Einstein 



= E 



p,v • 



-R 



\xv 



{\mU)jjF^F- J P u - g a0 V,z a V u z? - -g^V; (C.l) 



Maxwell 15 

= M? := -2V M ((ImAT) 7J F- J ^) + id^jF^ - ggrfkJWzP 



15 



We used the Bianchi identities to put the equations in this form. 
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Scalars 



-gg a0 k^z a - ■ 9 C JJK e^AlF f 



4e 



?K. 

pal 



(C.2) 



= G a := V^z a - gA^V.kf + Lp+jF+^g^d^u 
—F^F-^^djflSTu - g a W- z ,V , 



(C.3) 



where with V we mean the covariant derivative with respect to the metric con- 
nection on both the spacetime and the target manifold of the scalars. Finally 



V = g 2 e K [k a I k]g^Z I Z 3 + A^V^V-^ - 'iZ I Z J )P l ■ Pj 
is the scalar potential. 



We set 



?V = D,{uY - gY^e, + ^Y ah F^ I e i 'V lx {lmM)ijZ J e 1c / 2 e j . 



where D^uj) is defined in ( |2.19| ). Then, the gravitini Killing equation is 



2V = 0, 

and its integrability is given by the (holonomy) condition 

o = [£„ ,v^y = v^vj) - v v (v^ 

Denoting 



F 


— (J^A V — u v A^ , 


$ a6 


= Z J e K/2 (lmAf)jjF- Iab 


QOb 


= Z J e K/2 (ImAf) IJ F +Iab 



and making use of ( |A.10| ), we find 



= -R^T^ + -F^i + gF^Pj/el + gA%P l3 l e> - gAfaPyV 



-2g 2 T, v S r S s S rs e l + 2g(S\<l>, v - S % ^^ + 



3 " » v " 3 

_$ b $ d T^ $ a6 $ r i, + - 

n ^ y. ^v L bd r> ^ nv L ab ~ - a - ^ 



$.. b $.. d r M 



2'" ;i 

b^\ a 



$ ab $^r ab + -$ a "$ u a r^ - -$„°$„t 



b/.i 



(C.4) 



(C.5) 



(C.6) 



(C.7) 



(C.8) 



e* - gTvd^tj 
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+gr ii d„S ij e j + -T ab e ij (V^ ab T v - V^I^e,- - igA^ y S i 'e j 
+igA u T fl S ij e j + - A A^T ab ^ ah T^e j - -^A v Y ab ^ ab Y, Jl e ij e j . 
Let us now contract this equation with r M . This leads to 

= l -R vb T b e l + % -T»F^ + gT^Pj/J + gAfr^PJJ 

- gA^dvPj/ei - 6g 2 T u S r S s 6 rs e l + 2gT»{S i j ® liV - S'fi^ 

- 2$ a 6 $\IV - gVvdp&Uj + agdv&'ej - igA^S^t, 



(C.9) 



+ ZigA v S i ^e j + (V^ c + A^ c )e^{T cv + e cu )e 



j ■ 



where we used 



pl+ahpj- _ g 



*a[ b * c] 



. 



(CIO) 



(C.ll) 

(C.12) 



At this point we need to make contact with the equations of motion. To do this, let us 
first take the gaugini Killing equation (multiplied with T A ) 



= - 2e lc/2 g a ^V^Z I (lmAf) I jF- I ^T ll e lJ e J + Y^V^d 
+ gT^^kfZ 1 - 2P Iij V p Z I g^]e j , 

and contract it with e K/2 V a Z L (lmN') KL F+J < e il . This yields 

= - 2e lc g^V Z I V a Z L (lmAf) I j(lmAf) KL F- I ^F+ li K T fl e l 
+ e lc / 2 V a Z L (lmAf) KL F+ )i K T x T^V ll z a e il e i 
+ gT x e lc V a Z L (lmAf) KL F^ K e t %kfZ I - 2P Iij V Z I g a ^ . 

Now add this to eq. ( |C.10| ). Using the relation 

g a ^e !C V a Z I VsZ J = --(lmAf)- llIJ - e K Z l Z 3 , 



(C.13) 



(C.14) 



(C.15) 



we see that the first term of (|C. 14[) sums up with the term — 2$ a 6 $ a u T b e l of (|C10|) to 
give 

{lmU) IJ F^F~ J ^ . 

Some other useful relations are (X 1 = e^^Z 1 ) 

P? = -e lc C IJK Z K Z J 
jJ^ + iP^ 



X^^VaX 1 + lP*X J X I 







(C.16) 
(C.17) 



-27- 



and 



from which one also obtains the important identity 



X J dMi.i = -2iD n X J ImN T jd, 



v v ^ 



IjOnZ 



(C.18) 



After summing up flClU| ) and ( |(J. 14] ) and using the above relations we finally find 

1 



16 



EjT b e i --X I M?J%r„e j = Q. 

Imposing the Maxwell equations one remains with the condition 

E u b T b e l = 0. 



(C.19) 



(C.20) 



At this point one can proceed in a standard way (see for example [2]). If the Killing 
spinor is timelike, then ( |C20|) implies that the Einstein equations are identically satis- 
fied. In the other case, if the Killing spinor is null, thus selecting a null direction "+", 
then the equation E ++ = must be imposed. 
In a similar way we can handle the gaugini equations: 

= SXf = -\e K/2 g^V^Z I {\mM) IJ F~ J T xp e ij e j + VV^ei + gN«J . (C.21) 



In this case the story is much longer and can be summarized as follows. Let us first 
apply the operator Y^D^uj) (see ( |2.19D ) to ( |(J.21| ), contracted with g* Q . Using ( |(J.5| ) 
we get 

= - ^d,[e^V^Z I (lmAf) IJ F- p J T^]e^ 

+ ^e K / 2 VpZ I (ImAf) I jF^ J r x ?u« b r ab e lJ ei 

-\e lc F; b L F~ Jab V Z I (lmAf) IJ (lmAf) LM Z M e l 
+ V l *(90oP lt z a )e i + 2gg 0a T^V,z a S i ^ 
-^ a T ab F+ I (lmAf) IJ Z J e^ 2 T^V ll z a e l ^ 
+ gT»d,{N m y+Ag 2 N m Si l e l . 



(C.22) 



At this point there are many possible manipulations which lead to the desired result. 
However, the most complicated task is to recognize the derivatives of the scalar potential 



16 This calculation involves a rather mastodontic amount of algebraic manipulations, as well as the 
use of some further identities of special Kahler geometry that can be found in [37] . 
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V. To simplify such an effort, it is convenient to express the term V^o^X"^") in terms 
of G a by means of (|C.3| ) . 



A faster way is to work out the first term of (|C.22| ) as follows: 



^-Y^ie^V-^ilm^uF^Y^e^ 



-e K / 2 VpZ I (lmAf) I jV„F- J ^r p e ij e j , (C.23) 



where we used the relation 



abc 



-iT,e abcd T d , (C.24) 



and the Bianchi identities. Then, we can use (|C.2| ) to rewrite the last term in ( |C23| ) 
in terms of Mj, so that ( |C.22 ) takes the form 



gp a G a e t + ^e^V^M^eijT^ + . . . = . (C.25) 

Next, all the remaining manipulations are very similar to the gravitino case, and have 
the aim to show that the terms indicated by dots vanish identically, so that we will not 
report the details here. We only mention that sometimes we found it convenient to use 
X 1 = e^^Z 1 in place of Z 1 to simplify many expressions. Also, the Killing equations 
for kf (and its conjugate) are often useful in taking account of the Christoffel symbols 
for the covariant derivative on the scalar target manifold. Both ( |C.21| ) and its charge 
conjugate must be used to eliminate many terms. 
As we have anticipated, the final result is that ( |C.22|) reduces to 

9f3aG a e l + ^/ 2 P^ 7 M 7 %-IV = . (C.26) 

Thus, if the Maxwell equations hold, the scalar fields satisfy their equations of motion 
as well. Note that the results of this appendix could also be obtained by the Killing 
spinor identity approach [49,50]. 

D. Holonomy of the base manifold 

In order to gain a deeper geometrical understanding of the three-dimensional base space 
with dreibein V x , some considerations concerning its holonomy are in order. First of 
all, note that in minimal ungauged J\f = 2, D — 4 supergravity, the base is flat [33] 
and thus has trivial holonomy. This is still true if one couples the theory to vector 
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multiplets [4]. In five-dimensional minimal ungauged supergravity, the base manifold 
is hyper-Kahler [2], whereas in the gauged case it is Kahler [6]. Thus, the general 
pattern in the timelike case is to have a fibration over a base with reduced holonomy. 
One might therefore ask whether our three-dimensional manifold with metric 

ds\ = dz 2 + e 2 ^dwdw , (D.l) 



appearing in ( |4.53| ), has reduced holonomy. Eqns. ( |4.32| ) and ( |4.38| ) suggest that the 



Christoffel connection A + B (cf. Q4.33| )) has full holonomy SO(3). In fact, the only 
nontrivial subgroup of SO(3) is U(l), and integrating the first Cartan structure equation 



for a Christoffel connection taking values in u(l), one finds the metric (|D.1| ) with 
9 Z $ = 0, which in general will not be the case. From ( [4.39| ), however, it is evident that 
the connection A (which has nonvanishing torsion, cf. ( |4.29|) ), takes values in u(l) C 
so(3). The same holds for the corresponding curvature. We can thus interpret the base 
space as a manifold of reduced holonomy U(l) C SO(3) with nonzero torsion. Reduced 
holonomy is equivalent to the existence of parallel tensors, the simplest example being 
the reduction of GL(D,M) to SO(D) if the metric is covariantly constant, Vg = 0. In 
our case, the corresponding parallel tensor is just the vector d z : One easily checks that 
V<9 2 = 0, where V denotes the covariant derivative associated to A. 
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